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Abstract
We generalize two results about subgroups of multiplicative group of finite field of
prime order. In particular, the lower bound on the cardinality of the set of values of
polynomial P (x, y) is obtained under the certain conditions, if variables x and y belong
to a subgroup G of the multiplicative group of the filed of residues. Also the paper
contains a proof of the result that states that if a subgroup G can be presented as a set
of values of the polynomial P (x, y), where x ∈ A, and y ∈ B then the cardinalities of sets
A and B are close (in order) to a square root of the cardinality of subgroup G.
1 Intoduction
Let Fp = Z/pZ be a finite field of a prime order p, and F
∗
p is its multiplicative group.
Consider the polynomial P ∈ Fp[x, y]. Let us define the set
P (A,B) = {P (a, b) | a ∈ A, b ∈ B}, (1)
where A B are subsets of Fp, which can be called as polynomial sum of sets A and B.
The particular case of such polynomial sum is the sum of sets
A+B = {a+ b | a ∈ A, b ∈ B}.
Let G be a subgroup the group F∗p. In this part we consider the case A = B = G. For
the cardinality of |G+G| the following bounds have been obtained. As a corollary of the
bound of [3] for subgroup G such as |G| ≪ p3/4 the following bound was obtained:
|G±G| ≫ |G|4/3.
In this formula and further symbols “≪” “≫” are Vinogradov’s symbols.
Heath-Brown and Konyagin proved the inequality (see [5]) :
|G±G| ≫ |G|3/2
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for subgroups |G| ≪ p2/3. The bound
|G±G| ≫
|G|5/3
log1/2 |G|
.
for such subgroups that |G| ≪ p1/2 is obtained in [7].
The second problem touches the possibility of presenting G as a
G = P (A,B),
where P (A,B) is defined in (1). Let A and B are non-trivial (sizes of A and B are exceed
one) subsets of the set of residues modulo prime number p. In the second part of the
paper it is proved that if it is possible, then the cardinality of |A| and |B| are close to√
|G| (see part 2.2). This result generalizes the result of Shparlinski (see Th. 8 in [2]) to
the polynomials P (x, y) that are more general than P (x, y) = x+ y.
2 Polynomials on subgroups
Definition 1. Let us call the polynomial P ∈ Fp[x, y] good if it is homogeneous with
respect to x and y, polynomial P (x, y)− 1 is absolutely irreducible (it is irreducible over
the algebraic closure Fp of the field Fp) and at least one of the polynomials P (x, 0), P (0, y)
is not identity to zero.
Definition 2. For a prime number p and a natural number n let us call a subgroup
G ⊂ F∗p (n, p)-admitted if
100n3 < |G| <
1
3
p1/2.
Theorem 2 of the paper [1] for homogeneous polynomial P (x, y) can be re-formulated
as follows.
Theorem 1. For any n there exist constants C1, C2 > 0 such that: for any prime p,
(n, p)-admitted subgroup G ∈ F∗p, a good polynomial P (x, y) of degree n, a natural number
h < C2|G|
2 and numbers α1, . . . , αh ∈ F
∗
p belonging to different G-cosets, there are at most
C1h
2/3|G|2/3
pairs (x, y), for which P (x, y) = αk for at least one k = 1, . . . , h.
Values of constants
C1 = 24n
4, C2 = 40
−3n−9
were set in [1]. Let us prove it in the following lemma.
Lemma 1. If P (x, y) is a good polynomial then the polynomial P (x, y)− α, where
α ∈ F∗p is also absolutely irreducible.
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Proof. For any α ∈ F∗p let us denote by a an arbitrary root of the n-th power of 1/α
in the algebraic closure Fp (a =
n
√
1/α). Introduce the polynomial
Pa(x, y) = P (ax, ay)− 1,
and suppose that the polynomial Pa(x, y) is reducible
Pa(x, y) = P (ax, ay)− 1 = P1(x, y)P2(x, y). (2)
Let us substitute x/a and y/a instead of x and y into the equation (2), then we obtain
that
Pa
(x
a
,
y
a
)
= P (x, y)− 1 = P1
(x
a
,
y
a
)
P2
(x
a
,
y
a
)
,
i.e. P (x, y)− 1 is reducible. That contradicts to the assumption. So, we have that
Pa(x, y) = P (ax, ay)− 1 = a
nP (x, y)− 1 =
P (x, y)
α
− 1
is irreducible. Multiplying Pa(x, y) by α there would be irreducible polynomial P (x, y)−
α = αPa(x, y). 
Theorem 2. For any n there exists C > 0 such that for any prime number p,
(n, p)-admitted subgroup G ∈ F∗p and a good polynomial P (x, y) of degree n we have the
bound
|P (G,G)| > C|G|3/2.
Proof. Suppose the contrary. Then there exists such n that the statement of the
theorem is not satisfied. That means that for any constant C, there are subgroup G and
a polynomial P (x, y), with the given properties such that
|P (G,G)| ≤ C|G|3/2.
Such pairs (P,G) for the constant C we call bad.
We apply Theorem 1 to obtain the contradiction: for given n, it needs to be chosen
C1, C2 > 0, satisfying the conditions of Theorem 2. After that let us put C > 0 such that
C < C2; C1C
2/3 <
100n2 − 1
100n2
.
The reason for put it like that will be clear later on.
Let us take any bad pair (P,G) for the chosen C. All possible values of P (G,G) that
are not greater than C|G|3/2 and non-zero, can be arranged in the form of the Young
tableau in such a way that each row contains values from one G-coset, and in different
rows there are from different cosets. Thus, each line of the resulting diagram has no more
than |G| elements. Let us estimate from above the number of pairs (x, y), for which the
value lies into one or another column.
1) The number of pairs for which P (x, y) = 0 is not greater than n|G|.
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Indeed, the polynomial P (x, y) is homogeneous, that means that when x = x0 6= 0 the
polynomial P (x0, y) ∈ Fp[y] is non-identity to zero. It has no more than n roots. Let us
estimate the number of pairs (x, y) such that
P (x, y) = 0, (x, y) ∈ G×G. (3)
Let x0 ∈ G, that means that x0 6= 0, then the number of pairs (x0, y) ∈ G×G, P (x0, y) = 0
is not greater than n, therefore, the overall number of pairs (3 is not more than n|G|,
since for every x ∈ G there exist no more than n|G| pairs.
2) If any column has h elements then it can be noted that
h 6 |P (G,G)| 6 C|G|3/2 < C2|G|
3/2,
therefore, since all the elements of the column lie in different cosets, according to Theo-
rem 1, there exist at most C1h
2/3|G|2/3 pairs (x, y) for which P (x, y) lies into this column.
Now it can be denoted the column lengths for h1, h2, · · · , h|G| and estimate the total
number of pairs:
|G|2 < n|G|+
|G|∑
k=1
C1h
2/3
k |G|
2/3.
On the other hand, by the inequality on the power averages:
 1
|G|
|G|∑
k=1
h
2/3
k

3/2 ≤ 1
|G|
|G|∑
k=1
hk.
The sum of all hk is the total number of cells in the table, so it does not exceed C|G|
3/2,
whence:
|G|2 < n|G|+C1|G|
2/3 · |G|
(
C|G|3/2
|G|
)2/3
= n|G|+C1C
2/3|G|2 < n|G|+
(100n2 − 1)|G|2
100n2
.
As |G| > 100n3 (see Definition 2), it is a contradiction, therefore, the theorem is proved.
The value of the constant C is following
C = min
((
100n2 − 1
100n2C1
)3/2
; C2
)
.

2.1 On additive shifts of multiplicative subgroups
Using some algebraic ideas Garcia and Voloch in 1988 (see [3]) proved that for any mul-
tiplicative subgroup G ⊆ F∗p such that |G| < (p − 1)/((p − 1)
1/4 + 1) and any non-zero
µ:
|G ∩ (G+ µ)| ≤ 4|G|2/3. (4)
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Heath-Brown and Konyagin using the Stepanov’s method (see [6]) simplified the proof of
this result and improved the constants in 2000 (see [5]). In 2012 Vyugin and Shkredov
generalize this bound to the case of several additive shifts (see [7]).
Heath-Brown and Konyagin proved the inequality:
|G±G| ≫ |G|4/3 (5)
for all subgroups G for which |G| ≪ p2/3. Vyugin and Shkredov improved the inequality
(5):
|G±G| ≫
|G|5/3
log1/2 |G|
for subgroups G such that |G| ≪ p1/2 (see [7]).
2.2 Polynomial version of sum-set problem
Consider a subgroup G ⊂ F∗p, G-cosets G1, ..., Gn (Gi = giG, where gi ∈ F
∗
p, 1 ≤ i ≤ n are
arbitrary, they can be the same) and also consider the mapping
f : x 7−→ (f1(x), ..., fn(x)) ∈ F
n
p , n ≥ 2
with polynomials f1(x), ..., fn(x) ∈ Fp[x].
Definition 3. Let us call the set of polynomials f1(x), ..., fn(x) permissible if every
polynomial fi(x) has at least one root xi 6= 0 (in algebraic closure Fp of the filed Fp),
which is not congruent with any of other roots of the polynomial set, that means
fi(xi) = 0, fj(xi) 6= 0, i 6= j, 1 ≤ i, j ≤ n; xi 6= xj , i 6= j
and has non-zero free member fi(0) 6= 0, i = 1, ..., n.
In the paper [8] there was obtained the higher estimation of the cardinality of set M :
M = {x | fi(x) ∈ Gi, i = 1, ..., n}.
Theorem 3. Let G be a subgroup of F∗p (p is a prime number), G1, ..., Gn are G-
cosets, f1(x), ..., fn(x) is a permissible set of polynomials of degrees m1, ..., mn respectively.
Let the following inequality be true:
C1(m,n) < |G| < C2(m,n)p
1−1/(2n+1),
where C1(m,n), C2(m,n) are constants, depending on n and m = (m1, ..., mn). Then the
following estimate
|M | ≤ C3(m,n)|G|
1/2+1/(2n)
is correct. Constants can be chosen as follows:
C1(m,n) = 2
2n(maxmi)
4n, C2(m,n) = (n + 1)
− 2n
2n+1 (m1 . . .mn)
− 2
2n+1 ,
C3(m,n) = 4(n+ 1)(m1 . . .mn)
1
n
n∑
i=1
mi.
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Definition 4. Let us call the polynomial P (x, y) ∈ Fp[x, y] required if it cannot be
divided by any of polynomials of neither x or y, except constants, that means
f(x) | P (x, y)⇒ f(x) ≡ const;
g(y) | P (x, y)⇒ g(y) ≡ const.
Lemma 2. For any required polynomial P (x, y), where degx P = k, degy P = l,
among polynomials fi(x) = P (x, yi), where yi are different elements of Fp, i = 1, ..., h,
there can be found the permissible subset fi1 , ..., fiN from N =
[
h−2l
kl
]
polynomials.
Proof. It can be noted that the number x = r can be the root at most of l polynomials
fi(x) = P (x, yi). The contrary would mean that the polynomial g(y) = P (r, y) has more
than l roots, but its degree is not greater than degy P (x, y) = l. Therefore, it has to be
zero but in this case P (x, y) is divided by (x− r), that contradicts the fact that P (x, y)
is required.
Firstly, let us take out from the set y1, . . . , yh all such yi that are the roots of the
leading coefficient pk(y) and a free term p0(y) of polynomial
P (x, y) = pk(y)x
k + . . .+ p0(y),
being considered as a polynomial of the variable x. It is obvious that the number of roots
is not greater than 2l, as both leading and free terms are non-zero polynomials of variable
y, which degree is not greater than l (free term is non-zero as P is required and cannot
be divided by x).
From remaining not less than (h − 2l) values yi it can be chosen any: P (x, yi) has
no more than k roots (as the leading term is non-zero). Let us take out all yj such that
P (x, yj) has at least one common root with P (x, yi). From above it can be see that
for every polynomial P (x, yi) that has no more than k roots there exist no more than l
polynomials from the set, that have this as a root. Therefore, there are no more than
kl polynomials, that have common root with P (x, yi). Let us repeat this process: from
remaining yi it can be chosen one and taken out no more than kl values yj such that this
polynomial has at least one common root with the considered polynomial. At the end it
can be chosen minimum
[
h−2l
kl
]
polynomials P (x, yi), none of two of each have no common
roots. Also it can be seen that these polynomials have non-zero free term as it was taken
out all yi that make it zero. Therefore the taken set is permissible. 
Theorem 4. For any k and l there can be found the constant C(k, l) such as for any
G ⊂ F∗p, required polynomial P (x, y) of degrees k and l on x and y respectively, A,B ⊂ Fp
with conditions
|G| < Cp1−o(1),
G = P (A,B),
|A|, |B| ≫ 1,
the cardinalities of sets A and B are of order |G|1/2+o(1).
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Proof. Let h(n, k, l) be the minimum h, which has to be taken in Lemma 2, so that
from the set of h values of y there would be n permissible polynomials. It exists and no
more than nkl+ 2l in Lemma 2. Let δ > 0 and ε > 0 be the indexes, which can be taken
in the statement of the theorem instead of o(1). It means that
|G| < Cp1−δ,
and it has to be proved that
|G|1/2−ε < |A|, |B| < |G|1/2+ε.
Let us take q ≥ 2 such that
1− 1/(2q + 1) > 1− δ,
and choose C such that for every p:
Cp1−δ < (p/k)1−1/(2q+1)/(q + 1).
Let |A|, |B| > h(q, k, l). Then due to Lemma 2 from |B| values of y it can be chosen q
such that if it substitutes in P , there would be the permissible set of q polynomials. Let
us apply Theorem 3 to this set and cosets Gi = G, i = 1, . . . , h. It can be done since the
last inequality will be transformed to
|G| < (p/k)1−1/(2q+1)/(q + 1),
that follows from the first condition and choice of q, C. The constant in Theorem 4
depends only on k and δ as m = (k, ..., k︸ ︷︷ ︸
q times
). Left inequalities in Theorem 4 are satisfied if
G is sufficiently large and k, l, δ are fixed. For small G there is nothing to prove as
|A|, |B| ≫ 1, G = P (A,B).
The set M for such small cosets includes A. That means that
|A| ≤ C1(k, δ)|G|
1/2+1/(2q) ≤ C1(k, δ)|G|
3/4.
Applying the fact that
|A||B| ≥ |G|,
as use of polynomial P is a surjective mapping A× B → G, then
|B| ≥ (1/C1(k, δ))|G|
1/4.
Hence, it can be proved that for any n there exists constant C2(k, l, n, δ) such that
|A| < C2(k, l, n, δ)|G|
1/2+1/(2n).
If
(1/C1(k, δ))|G|
1/4 ≥ h(n, k, l),
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then from
|B| > h(q, k, l)
it follows
|B| > h(n, k, l).
Applying Theorem 3 one more time, for set of n substitutions y from B and cosets, that
are equal to G, then
|A| ≤ C2(k, l, n, δ)|G|
1/2+1/(2n)
for every
|G| ≥ (h(n, k, l)/C1(k, δ))
4.
The right part of the last inequality depends only on k, l, n, δ, so increasing constant even
more C2(k, l, n, δ), it can be obtained in other cases as well.
The same time, it can be obtained
|B| ≤ C3(k, l, n, δ)|G|
1/2+1/(2n),
using the symmetric condition. From
|A||B| ≥ |G|
it follows that for another constant C4(k, l, n, δ)
|A|, |B| ≥ C4(k, l, n, δ)|G|
1/2−1/(2n).
As n can be big as much as possible, 1/(2n) can be taken less than ε. The existence of
such constants means that
|G|1/2−ε < |A|, |B| < |G|1/2+ε. 
The authors are grateful to Andrey Volgin for his useful comments.
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